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Abstract 

Combinatorial harmonic analysis techniques are used to develop 
new functional analysis methods based on Bogoliubov functionals. 
Concrete applications of the methods are presented, namely the study 
of a non-equilibrium stochastic dynamics of continuous systems. 
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1 Introduction 

The combinatorial harmonic analysis on configuration spaces introduced and 
developed in |KK02j . |KK05j . |Kun99j . |KK()04| is a natural tool for the 
study of equilibrium states of continuous systems in terms of the correspond- 
ing Bogoliubov or generating functionals. Originally, this class of functionals 
was introduced by N. N. Bogoliubov in Bog46 to define correlation func- 



tions for statistical mechanics systems. In the context of classical statisti- 
cal mechanics, this class of functionals, as a basic concept, was analyzed by 
G. I. Nazin. We refer to [Naz85 for historical remarks and references therein. 
Apart from this specific application, and many others, the Bogoliubov func- 
tionals are, by themselves, a subject of interest in infinite dimensional anal- 
ysis. This is partially due to the fact that to any probability measure /i 
defined on the space T of locally finite configurations one may associate a 
Bogoliubov functional 



XG7 

allowing the study of \x through the functional L^. Technically, this means 
that through the Bogoliubov functionals one may reduce measure theory 
problems to functional analysis ones, yielding a new method in measure the- 
ory as well as new applications in functional analysis. 

From this standpoint, new perspectives were announced in KKO04J in 
the setting of combinatorial harmonic analysis on configuration spaces. The 
purpose of this work is to carry out these technical improvements. 

Of course the domain of a Bogoliubov functional L M depends on the un- 
derlying probability measure fi. Conversely, the domain of a Bogoliubov 
functional carries special properties over to the probability measure \x. In 
this work we mainly analyze the class of entire Bogoliubov functionals on a 
L 1 -space (Section EJ), which is a natural environment to widen the scope of 
this work towards Gibbs measures (or equilibrium states). This restriction 
allows, in particular, to recover the notion of correlation function. 
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As a side remark, let us mention that in the same setting further pro- 
gresses, under analytical assumptions, are achieved in |Kun05| on a space of 
continuous functions. 

The close relation between probability measures and Bogoliubov function- 
al is best illustrated by a "dictionary" (cf. G. I. Nazin), relating measure 
concepts and problems to functional analysis ones. In this "dictionary" , the 
translation of the Dobrushin-Lanford-Ruelle equation, defining Gibbs mea- 
sures, leads to a functional equation, called the Bogoliubov (equilibrium) 
equation (Section HJ). As a result, through analytical techniques one may 
derive a uniqueness result for Gibbs measures corresponding to positive po- 
tentials in the high temperature-low activity regime ( Theorem Although 
this result does not improve the known uniqueness results for Gibbs measures 
(see e.g. [DSI75J, [PZ99], |Rue63j ). its proof is technically new and presents 
an alternative approach to the uniqueness problem. 

This work concludes with a concrete application of the Bogoliubov func- 
tionals to the study of a non-equilibrium diffusion dynamics of a continuous 
system (Section EJ). For particles in suspension in a liquid, each particle in- 
teracts with the molecules of the fluid and the remaining particles in the 
suspension. At the microscopic level, the time evolution of the whole system 
is described by Hamiltonian dynamics. In the mesoscopic approximation, 
the system is described as the result of random perturbations of the parti- 
cles with dynamics heuristically given by a system of stochastic differential 
equations 



for a given starting configuration 7 = : k G N}. Here Wk, k G N, is 
a family of independent standard Brownian motions describing the random 
perturbations and V : M d \{0} — > K is the interaction potential between the 
particles. The problem of existence of a stochastic dynamics corresponding to 
the system (0) has been well analyzed for the equilibrium stochastic dynamics 
case (see e.g. |AKR98b"j . |Usa96j . |Yos96j). For non-equilibrium dynamics, 
the existence problem is essentially open and at the moment all we have is 
the construction of non-equilibrium processes done in |Fri87j . in the case of 
smooth potentials with finite range and d < 4, or the existence of time evo- 
lution for correlation functions described by a correlation diffusion hierarchy 




t > 



(1) 
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(see [KRR04J and the references therein). Our goal now is the study of the 
non-equilibrium case in terms of Bogoliubov functionals. The procedure that 
is used turns out to be an effective method for the study of other equilibrium 
and non-equilibrium problems for continuous systems. Further examples of 
applications, e.g., equations for birth-and-death and hopping type dynamics 
on configuration spaces in terms of Bogoliubov functionals, are now being 
studied and will be reported in forthcoming publications. 



2 Harmonic analysis on configuration spaces 

Let X be a geodesically complete connected oriented non-compact Rieman- 
nian C°°-manifold and V := Tx the configuration space over X: 

r := {7 C X : I7 fl K\ < 00 for every compact K C X} . 

Here | • | denotes the cardinality of a set. As usual we identify each 7 G F 
with the non- negative Radon measure ^2 X&1 £ X £ -M(X), where e x is the 
Dirac measure with mass at x, J2x€$ £x * s ' by definition, the zero measure, 
and JA(X) denotes the space of all non-negative Radon measures on the 
Borel cx-algebra B(X). This procedure allows to endow T with the topology 
induced by the vague topology on A4(X). We denote the Borel cx-algebra on 
r by B(T). 

Another description of the measurable space (T,B(T)) is also possible. 
For each Y G B(X), let Ty be the space of all configurations contained in Y, 
T Y := {7 e T : I7 n (X\Y)\ = 0}, and let T { y ] be the subset of all n-point 
configurations, Ty ' := {7 e T Y '■ |7| = n}, n G N, '■= {0}- For n G N, 
there is a natural surjective mapping of 

Y n := {(xi, ...,£„) : Xi eY,x { ^ Xj if i ^ j} 
onto Ty ^ defined by 

sym y . r > 1 Y ^ 
\Xi,...,X n ) I ► {x\, x n ^ 

This leads to a bijection between the space Ty^ and the symmetrization 
Y n /S n of Y n under the permutation group S n over {1, ...,n}, and then to a 
metrizable topology on 1^ . We denote the corresponding Borel cx-algebra on 
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T [ y ' by S(Tf j ). For A £ B(X) with compact closure (A £ B C (X) for short), 
one clearly has Ta = U^o • m this case we endow Ta with the topology of 
the disjoint union of topological spaces and with the corresponding Borel a- 
algebra £>(Ta) defined by the disjoint union of the a-algebras £(rj°), n £ N , 
i.e., 

B(T A ) = a ({7 £ T A : | 7 n A'| = n}) , A' £ B c (X),n £ N . 

The measurable space (T,B(T)) is the projective limit of the measurable 
spaces (TA,£>(rA)), A £ B C (X), with respect to the projections 

p A : r -* T A ,q 
7 1 — > 7a := 7 fl A 

Apart from the spaces described above we also consider the space of finite 
configurations 

00 

To := U T x 

n=0 

endowed with the topology of disjoint union of topological spaces and with 
the corresponding Borel cx-algebra denoted by B(T ). 

To define the i^-transform, among the functions defined on T we dis- 
tinguish the space B exp j s (r ) of all complex- valued exponentially bounded 
#(r )-measurable functions G with local support, i.e., G[r \r A = f° r some 
A £ B C {X) and there are d, C 2 > such that \G(rj)\ < de c ^ for all 
i] £ rV The i^-transform of any G £ B exPt i s (To) is the mapping KG : T — > C 
defined at each 7 £ F by 

(KG)(j) := G ^)- (4) 

»7C7 
1 77 1 < oc 

Note that for every G £ 5 exPi i s (r ) the sum in (J1J) has only a finite number 
of summands different from zero, and thus KG is a well-defined measurable 
cylinder function on V with domain of cylindricity A. Moreover, | {KG) (7) | < 
C ie (c a +i)| 7 A|. 

Throughout this work the so-called coherent states e\(f) of £>(X)-meas- 
urable functions /, defined by 

ex(f,V)--=Y[f{x), ^er o \{0}, e A (/,0):=l, 
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will play an essential role. This is partially due to the fact that the K- 
transform of this class of functions coincides with the integrand functions of 
the Bogoliubov functionals (Section |3J). More precisely, for every bounded 
£>(X)-measurable function / with bounded support (/ e Bb S (X) for short), 
one has e x (f) G B exPt i s (T ), and 

(Ke x (f))( 1 )=l[(l + f(x)), 7 G T. 

Besides the i^-transform, we also consider the dual operator K* . Let 
M.} cxp (T) denote the set of all probability measures \i on (r, B(T)) with finite 
local exponential moments, i.e., 

e a|7Al d//(7) < oo for all A G B C (X) and all a > 0. 

By the definition of a dual operator, given a p G A^f cxp (r), K*p =: p^ is a 
measure defined on (T ,B(T )) by 

/ G( V )dp,( V )= [ (JTG) (7)^(7), (5) 
</r </r 

for all G G i?exp,«s(ro). The measure p M is the correlation measure cor- 
responding to p. This definition shows, in particular, that B exp j s (T ) C 
L 1 (r , p^) 1 . Moreover, on the dense set -B ea; p,; s (r ) in L 1 (r , p M ) the inequality 
II-K^IIlHm) < ||(j||z,i(p ) holds, allowing an extension of the ^-transform to 
a bounded operator K : L 1 (r ,p M ) — > L 1 (r,p.) in such a way that equality 
(JSJ) still holds for any G G L 1 (ro,p M ). For the extended operator the explicit 
form (0J still holds, now p-a.e. This means, in particular, 

(Ke A (/))( 7 ) = n( 1 + /( a; ))' /^-a.a. 7 Gr, (6) 

for all £>(X)-measurable functions / such that e\(f) G L 1 (r ,p A1 ). 

Remark 1 All the notions described above as well as their relations are 
graphically summarized in the figure below. Having in mind the concrete 
application in Section^ below, let us mention the natural meaning of this fig- 
ure in the context of an infinite particle system. The state of such a system 

throughout this work all L p -spaces, p > 1, consist of complex-valued functions. 
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is described by a probability measure [i on T and the functions F on T are 
considered as observables of the system and they represent physical quanti- 
ties which can be measured. The expected values of the measured observables 
correspond to the expectation values J r F(j) djj,{j). In this interpretation we 
call the functions G on T quasi- observables, because they are not observables 
themselves, but can be used to construct observables via the K-transform. In 
this way one obtains all observables which are additive in the particles, e.g., 
number of particles, energy. 



K 



K* 



G 



<G,p^>= / G{r,)d Pll {r,) 

JT 



On the underlying measurable space (X,B(X)) let us consider a non- 
atomic Radon measure a, i.e., a({x}) = for any x G X. The Poisson 
measure n a with intensity a is the probability measure defined on (T,B(T)) 
by 

/ ex p (u^) d * M = exp (X ^ {x) ~ ^ Mx) ) ' vev ' 

where V := C^°(X) denotes the Schwartz space of all infinitely differentiable 
real-valued functions on X with compact support. The correlation measure 
corresponding to the Poisson measure n a is the so-called Lebesgue-Poisson 
measure \ a (with intensity a) 



CO 



a 



(n) 



n=0 
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where each N, is the symmetrization of the product measure 

a® n , i.e., the image measure on V% of the measure a® n under the map- 
ping sym^ defined in For n = we set ct (o) ({0}) := 1. The following 
Lebesgue-Poisson measure properties underline the importance of coherent 
states. First, e\(f) £ L P (T , A CT ) whenever / £ L P (X, a) for some p > 1, 
and, moreover, J r |ca(/, 77) ^ g?Ao- (77) = exp (J x |/(a;)| p <i<7(:r)). Second, given 
a dense subspace C C £ 2 (X, a), the set {e\(f) : / £ £} is total in L 2 (r , A CT ). 

3 Bogoliubov functionals 

For the case X = M. d , d £ N, we refer to |JNaz85j and his own references 



Definition 2 Let fi be a probability measure on (r,£>(r)). The Bogoli- 
ubov functional corresponding to fj, is a functional defined at each B(X)- 
measurable function 9 by 



provided the right-hand side exists for \9\. 

We note that if L^{\6\) < 00, then the product n^^"'"^ 3 ')) * s ab- 
solutely convergent. For the definition and properties of infinite products see 



It is clear that the domain of a Bogoliubov functional depends on the 
measure /1 fixed on (r, B{T)). Conversely, the domain of a Bogoliubov func- 
tional reflects special properties over the underlying measure on (T,B(T)). 
For instance, probability measures fi for which the Bogoliubov functional is 
well-defined on multiples of indicator functions 1a, A £ B C (X), necessarily 
have finite local exponential moments, i.e., \i £ (T). In fact, for all 

a > and all A £ B C (X) we find 



In the sequel, for each probability measure fi on (T,B(T)) and each A £ 
B C (X), we denote by /i A := /i o (pa) -1 the image measure on Ta of the 



therein. 




|Kno64j . 
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measure /i under the projection p\ defined in (J3J), i.e., /i A is the projection of 
/i onto Ta- Given a A G B C (X), the definition of a Bogoliubov functional 
on the space of all functions 9 with support contained in A reduces to the 
Bogoliubov functional L^a: 

LM = J + 0(x))dp{i) = J J] (! + = V (*)■ 

Furthermore, one may straightforwardly express the /i-measure of a large 
class of sets by the Bogoliubov functional L M . In fact, given Zx,...,z n G C 
and a collection of mutually disjoint sets Ai, A n G B C (X), A := UiLi 7 ^' 
n G N, the above computation has shown that 



mx>ia,-ia) = / n (e* 1 

Since may be written as the disjoint union 



A .(x) dn{i). 



\_\ {7 G T A : ItaJ = h,i = l,...,n} 

fci,...,fc n =0 



the latter integral is then equal to 



zN.^MClTer: | 7Aj | = fc i ,i = l,...,n}) 

k\ ,.. . , /i'ji — 



Heuristically, this means that 



^({7 G T : |7 Ai | = ki,i = 1, ...,n}) (7) 

]_ ^fcl + ...+fcn 



ki\...k n \dz?...dz% 



i=i 



=^1=0 



According to the definition of the cr-algebra B(T), the collection of sets 
appearing in the left-hand side of the informal equality (J2j) already charac- 
terizes the measure \l. 

Of course, in order to apply the above procedure we must assume that 
the Bogoliubov functional is well-defined and different iable on the class of 
linear combinations of indicator functions which appears in (J7J). As the linear 
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space spanned by indicator functions or the spaces of measurable functions 
are both difficult to handle, throughout this work we will consider Bogoliubov 
functionals on a a) =: L l (a) space, for some Radon measure a defined 

on the space (X,B(X)). Furthermore, we will assume that the Bogoliubov 
functionals are entire. We observe that from the viewpoint of particle systems 
these restrictions are natural. Actually, even stronger properties should be 
expected. 

In the sequel, we fix on (X, B(X)) a non-atomic Radon measure a which 
we assume to be non-degenerate, i.e., o~{0) > for all non-empty open sets 
O C X, and, in addition, cr(X) = oo. 

We recall that a functional A : L}{a) — ■> C is entire on L l (a) whenever A is 
locally bounded, and for all 9 , 9 G L x {a) the mapping C9zh A(9 + z9) G 
C is entire. Thus, at each 9q G L^ia), every entire functional A on L l (o~) has 
a representation in terms of its Taylor expansion, 

00 z n 

A(9 + Z 9)=y y —d n A(9 ; 9, 9), zeC,9e L\a), 

n=0 

see e.g. [Bar85j, Din81j. The next theorem states a characterization result 
for the differentials d n A(9 ; •) of an entire functional A on L}{a). 

Theorem 3 Let A be an entire functional on L 1 {a). Then each differ- 
ential d n A(9o;-),n G N, 9 G L 1 ^) is defined by a (symmetric) kernel in 
L°°(X n ,cr® n ) denoted by so / r^Sr-, — 7 and called the variational derivative 
of n-th order of A at the point 9 . In other words, 

8 n ( n \ 1 

d n A(9 ;9 1 ,...,9 n ) := - —A[9 +J2z i 9 i ]\ 

az\...az n \ j' J \ zl =...=z n =o 

J X n 69 (x 1 )...d9 (x n ) 
for all 9\, ...,9 n G L l (o~). Moreover, for all r > 

<n\(-Y sup \A(9 + 9')\ (8) 

L°°(X™,cr«) \\8'\\ L i (a) <r 



S n A(9 ) 
59 (x 1 )...S9 (x n ) 
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Remark 4 According to Theorem^ the Taylor expansion of an entire func- 
tional A at a point # G L 1 (a) may be written in the form 

A(e + e) = J2^i [ ™< 6n ? { ™< . f[e( Xi )^( Xl ,...,x n ), 

^ n\ J xn 56 (x 1 )...86 (x n ) aa 
for all 9 G L l (a). Using the notation 

( B ""- 4 > ^ "> : = w£^m M " = lxi ' ■■■■ " } e r * ■ - e N ' 

i/iis means 

A(6 + 6)= [ e x (e, V )(DMA)(e ; V )d\ a (r ] ). 



T 

Concerning the estimate (0), we note i/iai i/ie entire property of A does not 
insure that for every r > the supremum on the right-hand side is always 
finite. This will hold if, in addition, the entire functional A is of bounded 
type, that is, 

Vr>0, sup \A(6 + 6)\ < oo, V O e L 1 (a). 

I|9|lii(<0<»- 

For simplicity, throughout this work we will assume this assumption. 

The proof of the first part of this result is of a technical nature outside of 
the present context. However, it contains a few steps which we will need to 
prove the second part. Because of this, we just present a sketch of the proof 
conveniently adapted to our aims and complemented with suitable references 
for a detailed proof. 

Proof. According to the Cauchy formula for analytic functions on Banach 
spaces, each differential d n A(8 ;-) of an entire functional A on L 1 ^) is a 
bounded symmetric n-linear functional on L l (a). In particular, for n = 1, 
the first order differential dA(9o\ ■) is a bounded linear functional on L}{a), 
insuring that it can be represented by a kernel in L°°(o~), the so-called first 
variational derivative inrPl- Furthermore, the (usual) operator norm of the 



se (x) 

" SA(6 ) 
500 (•) 



bounded linear functional gL4(0q; •) is equal to 



L°°(X,o-) 
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For higher orders, the proof of existence of the corresponding variational 
derivatives is a straightforward consequence of the isometries between the 
Banach spaces 

B n (L 1 (X, a)) ~ [L\X n , O)' - L°°{X n , a® n ), (9) 

B n (L 1 (X, a)) being the space of all bounded n-linear functionals on a). 
For the proof see e.g. |DU77j . |Sch71j . |Tre67j . These isometries prove, on 
the one hand, the existence of the variational derivatives ,„ / — r G 

' 50o{xi)... 56o{Xn) 

L°°(X n ,(T® n ) as kernels for d n A(6o; •), and, on the other hand, that the op- 



5 n A(6 ) 



9 (-)...se (-) 



erator norm of d n A(9 ; •) G B n (L 1 (X, a)) is given by 

This shows the first part of the theorem. To prove the second one, we observe 
that by the Cauchy formula, for any 9 G L x {a) one has 

n\ V ' ' ' ; 2ixi Li- r z n+1 



for any r > and any n6N. Therefore 



l^llii(a) 



\d n A(9 ;9,...,9)\ < n! sup |A(0 O + 0') 

and an application of the polarization identity extends this inequality to 
0i,...Ae£»: 

KA(0 o ;0i,...,0n)|<n!(-) n sup Wo + ^lTTll^ll^W' 

Vr/ ll^'ILiw^ t=i 

see e.g. jDin81l Theorem 1.7]. ■ 

Remark 5 Observe that the first isometry in (0|) is specific of L 1 spaces. 
The analogous result does not hold neither for other LP -spaces, nor Banach 
spaces of continuous functions, or Sobolev spaces. 

Theorem El stated for Bogoliubov functionals yields the next result. In 
particular, it gives a rigorous sense to the discussion at the beginning of this 
section. 
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Corollary 6 Let L M be a Bogoliubov functional corresponding to some proba- 
bility measure \i on (T,B(T)). If is entire of bounded type on L 1 (a) ! then 
the measure /i is locally absolutely continuous with respect to the Poisson 
measure n a , i.e., for all A £ B C (X) the measure /i A = /io (pa)^ 1 is absolutely 
continuous with respect to n£ = n a o (pa) -1 . Moreover, for all A £ B C (X) 
one has 

^( 7 ) = e^ (£)W L J (_i a;7 ) f r ^-a.a. 7 £ T A , 

and for each r > there exists a constant C > such that 

r e\ It! 



< e CT ^>C| 7 |! (-) for^-a.a. 7 £ r A n) . 



Proof. In Theorem El replace A by the functional L M and 8q by an indicator 
function —1a for some A £ B C (X). Thus, for all functions 9 £ L 1 {a) with 
support contained in A, we find 

L M (0) = L M (-l A + (0 + l A )) 

JI(1 + ^))(£> W ^) (-lA^)rfA CT (77). 

On the other hand, according to the considerations done at the beginning of 
this section, we also have 



M0)= f H(i + e(x)W A d). 



Therefore 



f T\(l + e(x))d f , A ( 1 )= [ TT(l + e(ar)) (£)'%) (-1 A ; 17)^(17) 



for all functions £ -^ 1 (cr) with support contained in A. The proof follows 
by a monotone class argument. ■ 

Since \i £ .Mf cxp (r) whenever the corresponding Bogoliubov functional 
is well-defined on the whole space L 1 (a), one can associate the correlation 
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measure p M = K*n to a such measure. Equalities (jHJ) and © then yield a 
description of the functional in terms of the measure p M : 

L„(0)= / (JTe A (0)) ( 7 )d/x( 7 ) = / e x {9,v)dpM- ( 10 ) 
Within this formalism Theorem |H] states as follows. 

Proposition 7 Lei 6e an entire Bogoliubov functional of bounded type 
on L 1 (o r ). Then the measure p M is absolutely continuous with respect to the 
Lebesgue-P oisson measure \ a and the Radon-Nykodim derivative := 
is given by 

k^rj) = (D^L^) (0;tj) for X a -a.a. rj G T . 
Furthermore, for each r > there is a constant C > swcn that 

| (£>!%) (0; 77)| < CM! /or A ff -a.a. 77 G T . 

In the sequel we call k^ the correlation function corresponding to /i. 
Proof. A straightforward application of Theorem El yields 

L„(0)= / e A (M)(£'%)(0; 77)^(77), G L 1 ^), 
</r 

and 

I (D 1 " 1 ^) (0; t?) I < C \ V \\ 0) , A CT a. a. 77 G r , 

for some C > depending on r. Expression (|10p then allows to identify k^rj) 
with (-D^Lj (0; 77). ' ■ 

Remark 8 Proposition^shows that the correlation functions fc^ := fc^L(n) 
are iae Taylor coefficients of the Bogoliubov functional L^. In other words, 
is the generating functional for the correlation functions k^ . This was 
also the reason why N. N. Bogoliubov introduced these functionals. Further- 
more, Bogoliubov functionals are also related to the general infinite dimen- 
sional analysis on configuration spaces, cf. e.g. [KKO02]. Namely, through 
the unitary isomorphism S\ defined in IKKO02)/ between the space L 2 (T , A CT ) 
and the Bargmann- Segal space one has = S\(kfj). 
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Proposition 9 For any Bogoliubov functional entire of bounded type on 
L 1 (o") the following relations between variational derivatives hold: 

(0; 77)= / k,( V U0ex(6,0d\A0 for \ a -a.a. V E T (11) 

and, more generally, 

{p^Lp) (0i+0 2 ; tj)= / (D^L^(e 1 ; V uOex(e 2 ,OdK(0 for \ a -a.a. 77 G T c 

/or0,0 1 ,0 2 GL 1 (a). 

To prove this result as well as other forthcoming ones the next lemma 
shows to be useful. 

Lemma 10 (pWiy . \KKO02j . \H.ue6tf ) The following equality holds 

for all positive measurable functions G : Tq — > K and H : To x To — > R. 
Proof. According to Theorem El for all 81,82,6 G -^(cr) one has 

^(01 + 02 + 0)= / ( J D l " l L M )(0 1 + 2 ;r / )e A (0, 77)^(77) 

as well as 

^(0i + 02 + 0)= / (D^L,) (0 i; 77) e A (0 2 + 8,r,)d\ a (r]). 

J T 

The bounds obtained in Theorem 01 allows to apply Lemma to the latter 
equality yielding 

/ / (£>l" u %) (0i; 77 U e A (0 2 , OrfA CT (Oe A (0, 77)^(77). 

The second stated equality follows by a monotone class argument. By Propo- 
sition [7| one sees that (fTTj) is a special case of the derived result for 9\ = 
and 2 = 8. ■ 

A particular application of Proposition El yields the next two formulas 
well-known in statistical mechanics, see e.g. |Rue70j . and in the theory of 
point processes, see e.g. [DVJ88 . 
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Corollary 11 Under the conditions of Proposition^ for all A G B C (X) we 
have ^ 

kM = I pj(v U 7)^(7) for K-a.a. V G T A , (12) 

and 

^(7) = e CT(A) jf (-1)'%( 7 u v)dK(v) for 4~a.a. 7 £ T A . (13) 

Proof. Fixing a A G £> C (X), in Proposition El replace both functions 9 and 
#1 by the function —1a and 9 2 by 1a. The expressions for the densities given 
in Corollary |U1 and Proposition [7| complete the proof. ■ 

Remark 12 CorollaruM l\mav be stated under more general conditions. Giv- 
en a probability measure p on (r,i3(r)) such that J r |7aT ^(7), f r ^ dPfiiv) < 
00 for all A G B C (X) and all n G N, one can show that fi is locally abso- 
lutely continuous with respect to the Poisson measure ir a if and only if the 
correlation measure p M is absolutely continuous with respect to the Lebesgue- 
Poisson measure X a . Under these conditions, equalities KWi) and J73J) hold 
(see e.g. \KK02j ). 

Corollary 13 Let be an entire Bogoliubov functional of bounded type on 
L 1 (cr). For any B(T ) -measurable function G : To — > K such that there is a 
f G L 1 ^) with \G\ < e\(f), one has 



G(rj) (L>l%) (0; r,) dX a (rj) = \ ]T G(£)e A (0, V \0 dpM, 

r 



£Cv 



for all 9 G L l (a) 



According to Proposition [?l the correlation function of an entire Bo- 
goliubov functional on L 1 ^) fulfills the so-called generalized Ruelle bound, 
that is, for any < e < 1 and any r > there is some constant C > 
depending on r such that 

K(v) < C (M!) 1 ^ 0) , A CT a. a. rj G r . (14) 

In our case, e is zero. We note that if (fTH) holds for e — 1 and for at least 
one r > 0, then condition ()14|) is the classical Ruelle bound. For a general 
< e < 1 one may state the following result. 
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Proposition 14 ( t KK05l) If there are a function < C E L\ oc (X,a) and a 
< e < 1 such that 

kviv) < (MO^^C,??), K-a.a. 77 E T , 
then there are constants c\ = ci(e),C2 = 02(e) > such that 

\LM\ < ci exp (iM^Ga)) > <P e V - 

Furthermore, L M is an entire functional of bounded type on L 1 (Ca). 

The definition of a Bogoliubov functional clearly shows that for any proba- 
bility measure \i E -M} cxp (r) is a normalized functional, that is, L^ifS) = 1. 
If, in addition, L M is an entire functional on I/ 1 (cr), then, according to Corol- 
lary El for all A E B C (X) we have 

(D^L,) (-1 A ; 7 ) = e-^ A ^( 7 ) > 0, X c — a.a. 7 E T A . 

These conditions are also sufficient to insure that a generic entire func- 
tional on L 1 (a) is a Bogoliubov functional corresponding to some measure in 
ML P (T). 

Proposition 15 Let L be a normalized entire functional of bounded type on 
L^cr) such that for all A E B C (X) 

(D^L) (-1 A ; 77) > 0, \ a -a.a. 77 e T A . 

Then there is a unique probability measure /i E -Mf exp (r) such that for all 
6eL\o) 

L(6)= f H(l + 0(x))dn(j). (15) 

Proof. For any A E B C (X) let us define the function 

G A ( V ):=(D^L)(-1 A ; V )>0, V ET A . 
For all A E B C (X) we have 

G^dXM = [ e A (l A , 77) (l^L)(-l A ; 77)^(77) 



r 

L(1 A - 1a) = L(0) = 1, 
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allowing to define a family of probability measures /i A on B(T\)) by 
fi A (A) := [ l A (r))G A ( V )d\ a ( V ), A G B(T A ). 

Similarly, one verifies that the family (h a )a&b c (x) is consistent. Therefore, by 
the version of the Kolmogorov theorem for the projective limit space (r, B(T)) 
|Par67| Chapter V, Theorem 5.1], there is a unique probability measure /i on 
T such that the measures /i A are the projections of /i. From the definition 
of G\ follows the relation (fTKJ) between L and /i for every 9 supported in 
A. The /^-continuity of L and monotone convergence arguments extend this 
relation to all non- negative functions 9 G L l (a). The general relation follows 
from dominated convergence results. ■ 



4 Bogoliubov equations 

Particularly interesting is the characterization of Gibbs measures through 
the Bogoliubov functionals. 

Given a pair potential <fi : X x X —>■ K. U {+oo}, that is, a symmetric 
measurable function, let E : Tq — > R U {+00} be the energy functional and 
W : Tq x T — > 1U {+00} be the interaction energy defined for all 7/ G r and 
all 7 G T by 

E(q):= ^2/)' ^(0) :=^({^}) :=0 

{z,j/}Cf? 

and 

if ^ |0(x,y)|<oo 

) 

otherwise 

respectively. We set W(®, 7) := W^r?, 0) := 0. A grand canonical Gibbs mea- 
sure (Gibbs measure for short) corresponding to a pair potential 0, the inten- 
sity measure a, and an inverse temperature (3 > 0, is usually defined through 
the Dobrushin-Lanford-Ruelle equation. For convenience, we present here an 
equivalent definition through the Georgii-Nguyen-Zessin equation ((GNZ)- 
equation) (jNTZS Theorem 2], see also jKKOril Theorem 3.12], jKunf-M Ap- 
pendix A.l]). More precisely, a probability measure fi on (r,£>(r)) is called 



-00, 
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a Gibbs measure if it fulfills the integral equation 

[^H(x, 1 \{x})d^ 1 )= [ [ H(x n )e^ w ^ da(x)d^) (16) 
Jr x&r JrJx 

for all positive measurable functions H : X x V — ► R. In particular, for = 0, 
(Jlfcij) reduces to the Mecke identity, which yields an equivalent definition of 
the Poisson measure n a |Mec67| Theorem 3.1]. 

Correlation measures corresponding to Gibbs measures are always abso- 
lutely continuous with respect to the Lebesgue- Poisson measure X a . In view 
of this fact and Remark [T21 the framework used throughout this section is 
restricted to measures \i E M.} (T) that are locally absolutely continuous 
with respect to the Poisson measure n a . Furthermore, we shall assume that 
the corresponding correlation functions k^ fulfill the so-called Ruelle type 
bound inequality, that is, there are a a > and a < e < 1 such that 

kM < (MO 1 " e x (a,rj) = (M!) 1 " 5 a^, X a a. a. r] E T Q . 

According to Proposition 1141 this assumption implies that 

1. There are c\, c 2 > such that 

1^(0)1 < Cl exp (c 2 \\9\\f {a) ) for all 6 E L\a). 

As a consequence of PropositionHU the Bogoliubov functional is entire 
of bounded type on L 1 ^). 

To proceed towards the equivalent description of Gibbs measures through 
Bogoliubov functionals, we consider potentials fulfilling the following semi- 
boundedness and integrability conditions: 

2. 3B > : <f>(x, y) > -2B for all x, y E X 

3. C{p) := ess sup I \ e ^ (x ' y) - l\da(y) < oo 

xex J x 

Proposition 16 Given a fi E -Mf cxp (r) and a pair potential <j>, assume that 
Assumptions 1-3 are fulfilled. Then \x is a Gibbs measure corresponding to 
the potential <fi, the intensity measure a, and the inverse temperature (3 if and 
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only if the Bogoliubov functional corresponding to \x solves the so-called 
Bogoliubov (equilibrium) equation, 



5L{9) 



L ((1 + 9) (e~^ M - 1) + 9) , a-a.e., 



56(x) 
for all 6 e L x (<t). 

Proof. The analyticity of on L l (o~) implies 

dL^O-f) = [ i- J](l + 9(x) + zf(x)) dfi{i) 

= f^fW II (l + %))^(7), 6JeL l {a). (17) 

r asey i/e7\{x} 

Thus, for a Gibbs measure fi, the (GNZ)-equation yields for the right-hand 
side of 1|I7|) 

J ftof + 0(y))e- mi{x} ^ d^)da(x). (18) 



We claim that 



JJ(l+( e -/w**)_l)) f 



(19) 



ye-y 



which proof we postpone to the end. Hence (fTHj) is given by 

/(*) / II( 1 + W) II (! + ( e ~ mX ' V) - 4) Ml)do-(x) 
/(^) / II (( X + e (f )) ( e ~ mX ' y) -!)+! + %)) ^(7)^(x). 
In this way we show that for all / G L l (o~) 

dL,(6;f)= [ f( x )L,((l + 6)(e-^-l) + 6) da(x), 
Jx 
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provided (l + 0)(e ^ x ''> — 1) + 9 G L 1 (X,a"). Assumption 1 then implies that 
L M ((1 + 6»)(e- /3 * (:r '- ) - 1) + 6) G L°°(X,a) which completes the first part of 
the proof. Conversely, the same arguments as before yield, 

II 0- + e(v))dn(j) = dLp{6;f) 
r ye-y\{x} 

f(x)L, ((1 + 9) ( e -/W*,0 - 1) + 9) da(x) 



x 



x Jr 



f(x) / H(l + 6(y))e-? w ^d^)da(x), 



j/G7 



showing that the measure fi fulfills the (GNZ)-equation for the class of func- 
tions H of the form 

H(x, 1 ) = f(x) J] (1 + %)), 0,feL\a). 

y£y\{x} 

The result follows by a monotone class argument. 

To conclude this proof amounts to check the technical problems left open. 
Due to Assumptions 2 and 3 one has 

\\g e -MM + e -m*,-) _ < e ^ B \\9\\ L i {a) +C(P), 

showing (1 + 0)(e-^'') - 1) + 9 G L^X, a). 

The infinite product ]^[ ye ^, (1 + 1 e — — 1|) converges for <j(g)//-a. a. (x, 7), 
because Assumption 3 implies that cr-a.e. ||e~^ xv ) — 1 1 1 x,i ( CT ) < 00 and 



/ H( 1 + \e~ mx ' y) -1|) d//(7) < 00. 



yS7 

The absolute convergence of the infinite product in (jl9j) implies the conver- 
gence of 5^ g7 |e~^ a: ' 2/ ) — 1 1 . Hence, either the series ^ y67 | y) | converges 
or there is a y G 7 such that <p(x,y) = +00. In the latter case the infinite 
product in (fT^j) as well as e - m{{x} ^ are both zero. For the first case we 
obtain 



Y[ (1 + ( e -«C».i0 _ 1)) = exp f-^J^^y) j = e" 
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-/3iy({x}, 7 ) 



For higher order derivatives the corresponding Bogoliubov equations are 
defined as follows. 

Corollary 17 Given a // G M.\ cxp {T) and a pair potential <j), assume that 
Assumptions 1-3 are fulfilled. If n is a Gibbs measure corresponding to the 
potential <ft, the intensity measure a, and the inverse temperature (3, then for 
all 9 G L l (o~) the following relation holds: 

(D n L^) (9;ri) = e~ pE ^L^{l + 9) ( e ^ w ^ - l) + 9) , a^-a.a. 77 G T^. 

Proof. It follows from successive applications of Proposition EH and the 
chain rule to the function L l (a) 3 9 ^ (1 + 9) [e~ p ^ - l) + 9 G L l {a). ■ 

Proposition 18 For any pair potential <ft o,nd any measure /1 G -Mj cxp (r) 
under Assumptions 1-3, the following equations are equivalent: 
(1) For all 9 G L\a), 

S -^l = ((1 + 9) (e-*fc-> - 1) + 9) for a-a.a. x G X. 

(ii) For every 9, f G ^(a), 

L^9 + f)-L„{9) 

= [ fix) ( L lx ((l + 9 + tf)(e-M^-l)+9 + tf)dtda(x). 
J x Jo 

Furthermore, the previous equations imply that 
(m) For all 9 J G L\a), 

L,{0 + f)= f e A (/, V )e- pE{v) L, ((1 + 9) ( e ^ w ^ -l)+0) dX^rf). 

J T 

Remark 19 Assumptions 1-3 are not sufficient to insure the existence of 
the integral on the right-hand side of the equation stated in (Hi). 

Proof, (i) =>- (ii): Since is entire on L 1 ^), one has 



1 d_ 
dt 



L^9 + f)-L^9)= / L^9 + tf)dt 
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and, according to (i) 



j t L fl (6 + tf) = dL,(9 + tf,f) 

f(x)L, {(1 + 9 + tf) (e-W*.-) -i)+9 + tf) da{x). 



x 



(ii) =>- (i): Assuming (ii), for any 9, f E ^(a) one finds 



[im L„(fl + zj) - LM 



2 = 2^0 



= lim I f(x) f L fl ({l + 9 + tzf)(e- mx '- ) -1) +9 + tzf)dtda{x). 
2->0 Jx Jo 

Assumptions 1-3 allow to apply the Lebesgue dominated convergence theo- 
rem and thus, interchanging the limit with the integrals and using the con- 
tinuity of on L 1 ^), to obtain 



x 



f{x)L, ((1 + 9) ( e -W*'0 - 1) + 9) da{x). 
(hi): The analyticity of L M straightforwardly leads (Remark EJ) to 
L,(9 + f) = [ e x (f, V )(DML lx )(9;r ] )dX tT ( V ) 

e x (f, V )e~^L, ((1 + 9) ( e -Wn,{-}) -\)+0) dK(v), 



r 







where the second equality is a consequence of Corollary [T7| ■ 

Proposition EH leads to a uniqueness result for Gibbs measures corre- 
sponding to positive potentials. As a first step towards this purpose, we 
must introduce additional spaces of functionals. More precisely, for each 
a > 0, let Ent Q (L 1 (a)) be the space of all entire functionals L on L l (o~) such 
that 

||L|| a := sup (|L(0)|e~ a||e|1 ^)) < oo. 
It is clear that ||-|| a defines a norm on Ent a (L 1 (a)). 

Proposition 20 With respect to the norm \\-\\ a , Ent Q ,(L 1 (cr)) has the struc- 
ture of a Banach space. 
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Proof. Fixing an a > 0, let (L n ) ngN be a Cauchy sequence in Ent Q (L 1 (cr)), 
i.e., (L n e~ a "'" il < CT )) ng N is a Cauchy sequence in the Banach space consist- 
ing of all complex- valued bounded functions defined on L l {a) endowed with 
the supremum norm. By completeness, there is a complex-valued bounded 
function L such that 

lim sup ( L n (6)e- am ^°) - 1(6) ) = 0. (20) 

It remains to show that the functional L{6) := L(6 , )e Q " 9 " il ( CT ', 6 G L x {p), 
is entire on L}(a). This follows from the Vitali theorem (sec e.g. [HP57J), 
since by (127?)) the sequence (L„) nS N converges pointwisely to L and, by the 
inequality 

\L n (6)\ < sup (\L n (6)\e- am ^))e am ^°) 
= \\L n \\ a e am *W, nGN, 

the sequence (L n ) ng N is locally uniformly bounded in L l (a). ■ 

For pair potentials <fi semi-bounded from below fulfilling Assumption 3, 
Proposition 1181 has shown that any functional L in Ent Q ,(L 1 (cr)) solving the 
initial value problem 

ggl = L ((1 + 6) -l)+0), 9e L\a) 

L(0) = 1 
is a solution of the equation 

L(0)-1= / 0(x) / L((l + ^)(e-^'-)-l)+^)d^(7(x), 0elV)- 

In the sequel we denote by J the linear mapping defined on each space 
Ent a (L 1 (a)), a > 0, by 

(JL) (6) := [ 6(x) [ L ((1 + t0) ( e -^ x '') - 1) + t0) dtda(x), 
Jx Jo 

for L G Ent Q (LV))>0 ^ ^V)- 
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Proposition 21 Let (f) be a positive pair potential fulfilling Assumption 3. 
Then, for any a > 0, the mapping J defines a bounded linear operator on 
Ent a (L 1 (a)). Moreover, for all L e Ent a (L 1 (a)), 



\JLL<—\\L\ 



Proof. Let a > be given. For all 9 G L 1 {a) one has 

\{JL){e)\<\\L\\ a I \0{x)\ /■\HI (1+ttf) ^ W( ' , ' ) - 1 )- Mfl IUwcftda( a :) 



Jx Jo 

and, according to the stated assumptions on 0, 

\\{i + te) ( e -^-)-i)+^|| il(CT) 

< tj \6(y)\e- mx ' y) da(y) + J \e~^ y) - l\da(y) 

< t\\e\y w + c(/S). 

Therefore 

\(JL)(9)\ < \\L\\je\\ LHa) e aC W /V^M* 

Jo 

= \\L\\ (e am ^°) - 1) < \\L\\ e am *&, 

at V / at 

showing the required estimate of the norms. ■ 

Corollary 22 Let (3 > be given. Then, under the assumptions of Propo- 
sition^^ on each space Ent Q (L 1 (a)) with 



e «C(/3) 



< 1 



a 

exists a unique solution of the equation 



L-JL = \. (21) 

In particular, for all (3 > such that C((3) < e^ 1 , there is a unique solution 
of equation WIS) for a suitable choice of a (e.g., a = (C(P))" 1 ). 
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Proof. According to Proposition one has 




e aC(j3) 




L G Ent a (L 1 (a)). 



a 



That is, the operator J is a contraction on Ent Q (L 1 (a)). Thus, by the contrac- 
tion mapping principle, there is a unique solution of equation (|21j). namely, 
(1 — J)^ 1 ]-, with (1 — J) -1 defined by the von Neumann series Yl^=o ^ n • ^he 
last assertion follows by minimizing the expression a~ l e aC<y ^ in the parame- 



In this way we have proved the following uniqueness result. 

Theorem 23 Let </> be a positive pair potential fulfilling the integrability con- 
dition 



For each (3 > such that C(/3) < e™ 1 there is at most one Gibbs measure 
fulfilling Ruelle bound and corresponding to the potential <fi, the intensity 
measure a, and the inverse temperature (3. 

5 Stochastic dynamic equations 

To deal with the differential structures used below to study a diffusion dy- 
namics of a continuous system, this section begins by recalling a few con- 
cepts of the intrinsic geometry on configuration spaces ( jAKR98aj . |R K02j . 
|Kun99| ). 

5.1 Differential geometry on configuration spaces 

Apart from the topological structure, the bijection defined in Section |21 be- 
tween the spaces and X n /S n also induces a differentiable structure on 
(see (J2J)). More precisely, given n charts (hi, Ui), (h n , U n ) of X, 
where Ui, U n are mutually disjoint open sets in X, one constructs a chart 
hiX...xh n of defined on the open set U\ x . . . x U n in , 



UiX...xU n := \ r] = {xi, ...,x n } G : 3i G S n s.t. x L{k) eU k ,k = 1, ...,n 



ter a. 



C(f3) = ess sup 
xex 




e -M*,v) _ l\da(y) < oo. 
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by 



(h 1 x...xh n ) ({xi, ...,x n }) := (hi(x^), h n (x L (, n) )) ehi(U{) x ... x h n (U n ). 

Each set T% endowed with this geometry has the structure of an - dim(X)- 
dimensional C°°-manifold. In this way we have also defined a differentiable 
structure on IV For any vector field v on X we have 

(V*G) (rj) = £((V r °G) ( V ,x),v(x)) TxX , 

yielding, in particular, 

(V r °e A (#)) (rj, x) = V x 6(x)e x (6, rj\{x}), rj G T , x G 77, (22) 

V := V x being the gradient on X. For the Laplace-Beltrami operator A 
on r , which is defined by the direct sum of the Laplace-Beltrami operators 

A r (n) nW c J 

l\ x on 1 x , we find 

(A r °e A (0)) (77) = ^ X ^)ex(0, t]\{x}) 7 (23) 

where A := A x denotes the Laplace-Beltrami operator on X. 

In the sequel we use the classical notation G fc (r ), fceNU {oo}, for the 
space of all real- valued C fc -functions on r , and Gq(F ) for the space of all 
functions G in C fc (r ) with bounded support such that for some e > one 
has G(r]) = for all rj containing a pair x,y, x ^ y, such that \x — y\ < e. 

Through the i^-transform one may introduce a differential structure on T 
KK02J, which coincides with the one introduced in jAKR98a] by "lifting" the 
geometrical structure on the underlying manifold X. For each G G Go(r ), 

(V r (KG))( 7 ,x):= (V r °G)(r/,x), 7 er,xG 7 , 

riCj: \r]\<oo, 
xGr/ 

and A r := K/\ v °K~ l on TV{Cl, T), the set of all twice differentiable cylin- 
der polynomials F with the property that there exists a e > such that 
F( 7 ) = on all 7 which contains a pair of points in the domain of cylindric- 
ity with distance smaller than e. Equivalently, all such functions F are of 
the form F = KG, G G C 2 (r ). 



27 



5.2 Non-equilibrium stochastic dynamics equations 

The purpose of this subsection is to investigate the problem heuristically 
formulated in (0). Let us first fix the framework. On the space X = M. d , 
d G N, let us consider the intensity measure da(x) = zdm(x), m being the 
Lebesgue measure on M. d and z > (activity), and a measurable function 
V : R d -> R U {+00} (potential) such that V(-x) = V(x) G R for all 
x G M d \{0}. Accordingly, we may define a translation invariant pair potential 
(f) on M d by 0(x, y) := V(y — x). Concerning V, we must at least assume the 
standard Ruelle conditions of superstability, integrability (i.e., Assumption 
3), and lower regularity ( |Rue70j ). which are sufficient to insure the existence 
of corresponding Gibbs measures, cf. e.g. |Rue70t Section 5]. In particular, 
this includes the class of potentials V which are bounded from below and 
integrable at infinity, and having a small enough negative part. 

The problem under consideration is the construction of a solution to the 
system of stochastic differential equations heuristically given by 

f dx k (t) = -| J2 VV(x fc (t) - Xi(t))dt + dW k (t), t > 

J i<^fc ) (24) 

I x fc (0) = x k , keN 

where W k , k G N, is a family of independent Brownian motions. Note that 
due to the symmetry in the labels, any solution (x k )k i n (R d ) N of (|24j) can 
be interpreted (modulo collapse) as a stochastic process with paths in con- 
figuration space, that is, j(t) := {x k (t) : k G N}. Informally, the generator 
of this dynamics is given by 

(HF) ( 7 ) := -- (A r F) ( 7 ) + f E E ( V * V ( X ~ v)> ' 

XG7 y£~f\{x} 

where (•, •) denotes the inner product on M. d and /3 the inverse temperature. 
Note that in contrast to (|24|). the generator H is well-defined, for example, 
on^P(C 2 ,r). 

In the equilibrium dynamics case, the authors in pVKR98b have con- 
structed a solution for a wide class of potentials V. More precisely, for a 
Gibbs measure //i nv corresponding to V, the same as used in definition (j2U), 
it has been shown that if is a positive symmetric operator on the space 
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L 2 (r,/i inv ) associated to the Dirichlet form 

( HF > F ) LH » inv) = l [ ^|V r F( 7 ,x)| 2 d/i inv ( 7 ). 

This allows the use of standard Dirichlet form techniques to construct a diffu- 
sion process corresponding to H having invariant (and, moreover, 
reversible) measure and starting initial points. This yields, in 
particular, the corresponding semigroup T t := e~ Ht , t > 0, on L 2 (T, /i inv ), a 
solution of the Cauchy problem 

j t F t = -HF ti t>0 
F 

For further references see also [AKR98b . 

An essentially more difficult and interesting question is the non-equilibrium 
dynamics case. This means, the construction of the dynamics without ref- 
erence to any invariant measure. In this case, the above scheme does not 
apply, and the only general result was obtained by [FriHH f° r a restrictive 
class of potentials and d < 4. 

In the sequel we describe a new scheme for the construction of the dy- 
namics, based on the diagram in Remark ^ (Section^. For this purpose we 
shall fix a probability measure /x on T as an initial distribution. In contrast 
to the previous situation, we now assume that the measure \x is neither an 
invariant measure nor a perturbation of an invariant one. 

The starting point for the approach is the description of the operator H 
in terms of quasi-observables. In fact, as H is well-defined, for instance, on 
FV(Cq,T), its image under the i^-transform yields on the space of quasi- 
observables the operator H := K~ X HK acting on functions G G Cq(T ) 

by 

(HG)( V ) = -I(A r °G0(77) 

+§E E {(V»V{x-y),{V r °G){T,,x)) (25) 

x£r) y€r)\{x} 

+ (V x V(x-y),(V r °G) (r)\{y},x))}. 
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The time evolution equation is then given by the corresponding Cauchy 
problem 

^-G t ( v ) = -HG t ( v ), t>o, v er 

dt , (26) 

Go £ Co°(r ) 

having the advantage of being recursively solvable, because the time deriva- 
tive of each G t \ r (n) depends only on G t \ r (n) and G t \ r (n-i). Hence, for quasi- 

E d E d E d 

observables, the evolution can be always constructed. However, the difficulty 
is to show that this solution is regular enough to allow a reconstruction of 
the dynamics on the level of functions on T. 

The previous procedure based on the diagram in Remark ^ allows to 
proceed further. Actually, we may also describe the dynamics in terms of 
correlation functions through the dual operator H* of H in the sense 

(HG){r))k{r))d\ m (r))= f G( V )(H*k){ V ) d\ m {r,). 

To Jr 

As an aside, let us mention that in the Hamiltonian dynamics case this 
approach corresponds to the well-known BBGKY-hierarchy, see e.g. [Bog46| . 
In our case, this leads to 

k { ^\ n G N 

(n) 

where fc , n G No, are the correlation functions corresponding to the initial 
distribution /i. This system of equations also has hierarchical structure in 
which the time derivative of each k^ depends on k![ l+1 \ Namely, written 
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out explicitly, 

— k[ \xi, x n ) = A^fcj \xi,...,: 

k=l 



+ § 52 ^ V ( X k ~ Xj)kt n \xi, V,, 

k,j=l 



(3 n 

+ 2 (v Xk V(x k -x j ),V Xk k ( i n) (x 1 ,...,x n ) 

k,j=l 
Mi 

+ oE / (^x k V(x k -y),V Xk k < i n+1 \x 1 ,...,x n ,y))dy 

+ 77 52 / &V(x k -y)k ( t n+1 \x u ...,x n ,y)dy. 
2 k=i J ^ d 

In theoretical physics this system of equations is known as the Bogoliubov- 
Streltsova diffusion hierarchy (see [Str59 ). We observe that the operator H* 
can be rigorously defined, for example, on correlation functions k fulfilling 
the bound 

\Ak(r])\ + \Vk(r])\ + k(r)) < C M e~ aEM , C,a>0, A m -a.a. r] e T . (27) 

Completing our way through the diagram (Remark Q), one can construct 
a dynamics on states. 

The previous construction implies, in particular, that the dynamics can 
be also expressed in terms of Bogoliubov functionals 

L t {6) := [ e x {6,r))p t {dr)), t>0. 

This leads to the following result. 

Theorem 24 Under the above conditions one has 

9 r , n s 1 /* a /i / s 6L t (6) , 
-L t {9) = - / A6(x) dx 



dt tw 2 J Rd y ' 86{x) 

[ [ (V x V(x-y),V9(x)(9(y) + l) (28) 



(1 

4 ... .... 
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for all 9 G C^iW 1 ) := the space of all C 2 -functions on M, d with compact 
support. 

Remark 25 According to Theorem \24\ the correlation functions kt corre- 
sponding to a solution L t for the diffusion hierarchical equation fulfill 
the generalized Ruelle bound \2l\) [KKKOl^. 

Proof. According to (J26|) . 

§- t L t (0) = / ro e,(M)(^)w 

= -J t e x (9,rj)(H*p t )(dr 1 ) 

= - [ (He x (0j) (v)pt(dv) 

J To 

with 

(He x (6))( V ) = -\ (A r V A (#)) {r,) 

+ (V^z - y), {V r °e x (d)) ( v \{y}, x))} , 
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cf. (EHD- Therefore, equalities ((22) and (J22D yield 



\ f Y i A0(x)e x (e, V \{x})p,(d V ) 

~/EE (V^(x-y),V^(x)) eA (^r ? \{x}) A (^) 
-f / E E (V^-y) J V^(x))e A (^r ? \{x,y}) A (^) 
i / £A0(ar)e A (M\{*})PtM 



]T (V x V(x-y),V9(x)0(y)-V9(y)6(x)) 



1 {^,y}c»? 



•e A (^,r]\{x,?/})p t (d77) 

P 



J2 (V x V(x - y), V6(x) - V%)> e x (6, V \{x, y})p t (d V ), 



and the proof follows by Corollary ■ 

As a straightforward consequence, one may easily derive the time evolu- 
tion equation of the Laplace transform corresponding to the measures fi t , 



C t (<p) := J exp (( 7 , ip)) p t (dl) = L t (e* - 1) . 

In hydrodynamics this equation is related to the Hopf equation. 

Corollary 26 Under the conditions of Theorem\^ for all <p> 6 C^IB^) we 
have 

-§A(^) = U (Av,(x) + |V^(x)| 2 )fM^ 
dt 2 J Rd 6(p{x) 

(V x V(x-y),V<p(x)-V<p(y)) 
-dxdy. 



4 



S<p(x)5tp(y) 
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Proof. In Theorem |2H consider the case 6 = — 1 with tp e Co(M d ). This 
gives 

dt yTJ dt y ' 

} (Av,(x) + |V^(x)| 2 )e^)^^ 

Z J R d OU{X) 



4 



(V x V(x-y),V(p{x)-V<p(y)) 



62L t( ) d d 
56(x)56(y) Xy ' 

and the proof follows because 

5C t (<p) = 6L t (6)6(e<r-l) (g) = 8L t {0) 
8(p(x) 89(x) 8(p(x) 89{x) 



e^ x \ m— a. a. x 



and 



8<f(x)8<f(y) 8<p(x) V 8(p(y) J ' 8<p(x) \ 89(y) 

89(x)89( y y m a ' a - X ' ?/ - 
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